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Abstract. Ground state ferromagnetism of the Kondo lattices is investigated within slave fermion approach
by Coleman and Andrei within a mean-field approximation in the effective hybridization model. Conditions
for formation of both saturated (half-metallic) and non-saturated magnetic state are obtained for various
lattices. A description in terms of universal functions which depend only on bare electron density of states
(DOS) is presented. A crucial role of the energy dependence of the bare DOS (especially, of DOS peaks)
for the small-moment ferromagnetism formation is demonstrated.
PACS. 75.30.Mb Kondo lattice 71.28.+dMixed-valence solids
1 Introduction
Experimental investigations of heavy-fermion and other
anomalous 4f - and 5f -compounds, which are treated usu-
ally as Kondo lattices, demonstrate that magnetic order-
ing is widely spread among such systems. There exist nu-
merous examples of systems where “Kondo” anomalies in
thermodynamic and transport properties coexist with an-
tiferromagnetic ordering and/or strong spin fluctuations.
There are also examples of Kondo ferromagnets: CeNiSb,
CePdSb, CeSix, CeRh3B2, Sm3Sb4, NpAl2 (see review
and bibliography in [1,2]). The number of such materi-
als gradually increases, including CePt [3], CeRu2Ge2 [4],
CeAgSb2, [5], CeRu2M2X (M = Al, Ga; X = B, C) [6,
7], CeIr2B2 [8], hydrogenated CeNiSn [9]. Among 2D-like
systems, we can mention CeRuPO, a ferromagnetic Kondo
lattice where LSDA+U calculations evidence a quasi-two-
dimensional electronic band structure [10]. Recently ferro-
magnetic state with small magnetic moments was investi-
gated for the Kondo systems CeRuSi2 [11] and Ce4Sb1.5Ge1.5
[12].
Owing to competition with the Kondo effect, ferro-
magnetism of the Kondo lattices has itself anomalous fea-
tures (instability of magnetic state, small values of mag-
netic moment and magnetic entropy, negative paramag-
netic Curie temperature etc.) [1,2]. Unusual nature of
Kondo systems on the border of magnetism was recently
reviewed by Coleman [13]. Formation of the magnetic state,
coexisting with the Kondo effect and possessing a small
magnetic moment, was treated in Ref.[1] within a scaling
approach. However, this method is insufficient to describe
quantitatively the ground state. An attempt was made to
solve this problem on the basis of mean-field approxima-
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tion [15] by using the pseudofermion representation for lo-
calized f -spins [14]. In this approach, the pseudofermions
become delocalized and the system is described by an ef-
fective s− f hybridization model (Sect.2).
Unfortunately, only saturated ferromagnetic solutions
were obtained in Ref. [15] since the bare density of states
was taken in the rectangular form. In the present paper
we consider the formation of the Kondo ferromagnetism
by detailed analysis and numerical solution of equations
of the mean-field approximation for an arbitrary ρ(E). In
Sect.3 we investigate the conditions for existence of the
saturated (half-metallic) ferromagnetic solution, and in
Sect.4 for non-saturated (small moment) ferromagnetism.
In Sect.5 we present results of numerical calculations for
a number of concrete two- and three-dimensional lattices.
2 The model
We start from the standard Hamiltonian of the s− f ex-
change model
H =
∑
kσ
tkc
†
kσckσ −
∑
q
JqS−qSq +Hint (1)
Hint = −I
∑
iσσ′
(Siσσσ′ )c
†
iσciσ′ ,
where c†kσ are conduction electron operators, tk is the bare
electron spectrum, Si are operators for localized spins, σ
are the Pauli matrices, I is the s− f exchange parameter.
A number of papers (see, e.g., [16]) treat ferromag-
netism in the periodic s − d(f) model starting from the
equation-of motion method for the original Hamiltonian
(1), so that the subsystems of the conduction electrons
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and f -spins remain uncoupled in Kondo’s sense. However,
for anomalous f -system where the Kondo compensation
(singlet formation) should be considered in the zero order
approximation, such an approach turns out to be inappro-
priate. Therefore we construct the mean-field approxima-
tion describing the Kondo ground state with the use of
the Abrikosov pseudofermion representation for localized
spins S = 1/2
Si =
1
2
∑
σσ′
f †iσσσσ′fiσ′ (2)
with the subsidiary condition
f †i↑fi↑ + f
†
i↓fi↓ = 1.
Making the saddle-point approximation for the path inte-
gral describing the spin-fermion interacting system[14] one
reduces the Hamiltonian of the s−f exchange interaction
to the effective hybridization term:
− I
∑
σσ′
c†iσciσ′ (σσσ′Si −
1
2
δσσ′)
→ f †i Vici + c
†
iV
†
i fi −
1
2I
Sp(ViV
†
i ), (3)
where the vector notations are used
f †i = (f
†
i↑, f
†
i↓), c
†
i = (c
†
i↑, c
†
i↓),
V is the effective hybridization matrix which is determined
from a minimum of the free energy. In the ferromagnetic
state we have [15]
H − µnˆ =
∑
kσ
[(tk − µ)c
†
kσckσ +Wσf
†
kσfkσ
+Vσ(c
†
kσfkσ + f
†
kσckσ)]−
∑
σ
V 2σ /I (4)
with
Wσ =W − σJ0S¯,
W being the energy of pseudofermion “f -level”, J0 =
J(q = 0) the maximum Fourier transfor of the Heisenberg
interaction. Thus we reduce the periodic Kondo (s−f ex-
change) model to an effective hybridization model with
the spin-dependent parameters Wσ (the f -level position
with respect to the chemical potential µ, which is of or-
der of the Kondo temperature TK) and Vσ (the effective
hybridization). The equations for these quantities are pre-
sented in Appendix.
The corresponding density of states (DOS) reads
Nσ(E) =
(
1 +
V 2σ
(E −Wσ)2
)
ρ
(
E −
V 2σ
E −Wσ
)
(5)
(where ρ(E) (0 < E < D) is the bare DOS) and is shown
in Fig.1. The total capacity of N(E) band is twice larger
than that of ρ(E) band (i.e., unity per each hybridization
subband), since it includes contributions from both con-
duction electrons and pseudofermions. One can see that
N(E) reproduces and enhances peculiar features of the
bare band. For realistic (considerably smaller) V values in
the Kondo systems the enhancement can be stronger.
W
E
NHEL
Fig. 1. The picture of hybridization density of states for the
cubic lattice in the nearest-neighbor approximation. For clarity,
a large value of V is taken. The dashed line is the bare density
of states
3 Half-metallic Kondo ferromagnetism
On treating ferromagnetic state, we restrict ourselves to
the case where the conduction electron concentration n <
1 (the results for n > 1 are obtained by the particle-hole
transformation).
First we discuss the half-metallic ferromagnetic (HMF)
solution where the chemical potential lies in the energy
gap for σ =↑ (Fig.2) so that
W↓ > V
2
↓ /(D − µ), − V
2
↑ /µ < W↑ < V
2
↑ /(D − µ), (6)
W
E
NHEL
Fig. 2. The partial spin-up (upper half) and spin-down (lower
half) densities of states for the rectangular bare band (W↓ =
W0). The vertical line is the chemical potential for the HFM
state. Note that the polarizations of conduction electrons and
pseudofermions are opposite
Since the capacity of the hybridization subband equals
unity, we have
nf↑ ≃ 1− n/2, n
f
↓ ≃ n/2, S¯ ≃ (1− n)/2
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whereas the magnetization of conduction electrons is still
small, n↑ ≃ n↓ ≃ n/2. In this state, each conduction elec-
tron compensates one localized spin due to negative sign of
s− f exchange parameter I, and the magnetic ordering is
owing to exchange interaction between non-compensated
moments. Such a picture is reminiscent of the situation
in the narrow-band ferromagnet in the Hubbard or s− d
exchange model with large intrasite interaction (double-
exchange regime). In our case the bare interaction is small,
but effective interaction is large in the strong coupling
regime.
It is worthwhile to mention here an alternative ap-
proach based on a Gutzwiller-type variational principle,
which was used in Ref.[17] for low-dimensional Kondo lat-
tices. This approach gives ferromagnetism only at large
|I| values (Nagaoka limit) which are beyond the Kondo
physics (where a small scale of the Kondo temperature
exists).
Using (43), (44), the second condition in (6) can be
rewritten as
−M(n)
µ(2n)− µ
µ
< 1−
J0(1− n)
W0Q(n)
< M(n)
µ(2n)− µ
D − µ
,
(7)
where W0 corresponds to the paramagnetic phase, J0 is
the Heisenberg exchange interaction.
M(n) ≡
(
V↑
V↓
)2
= exp

1
ρ
D∫
µ(2n)
ρ(E)
E − µ
dE

 . (8)
Q(n) ≡
W↓
W0
= exp

−1
ρ
µ(n+1)∫
µ(2n)
ρ(E)− ρ
E − µ
dE


For the rectangular bare band (ρ(E) = 1/D, 0 < E <
D) we have
M(n)[µ(2n)− µ]/(D − µ) = 1, Q(n) = 1,
and the left-hand inequality in (7) takes the form
j = J0/W0 <
2
n(1− n)
(9)
It is interesting that, as well as for a Heisenberg ferro-
magnet, the solution exists for any small J0 and can be
stabilized by arbitrarily small exchange energy (of course,
the situation can become different provided that we take
into account fluctuations and the corresponding contribu-
tions to the total energy).
The character of solutions can change for an arbitrary
form of ρ(E). To ensure the large energy gap for spin up
states, it is required that ρ(E) is not small in the interval
[µ2n, D] and this interval is not narrow. In particular, the
condition (7) holds if the electron concentration is small,
especially provided that ρ(E) has square-root behavior
near the band bottom (M(n) becomes large owing to the
factor of 1/ρ). Thus for small J0 the HFM solution can dis-
appear in some concentration region, but become restored
with increasing J0.
On the other hand, for some bare DOS and n (where
M(n)[µ(2n) − µ]/(D − µ) > 1) the HFM state can be
formally retained for negative J0. Indeed, since the spin
up hybridization gap is larger because of renormalization
of Vσ, there can exist HFM solutions with positive S¯ but
negative spin splitting, W↑ < W↓ (of course, they are not
energetically favorable owing to f − f exchange interac-
tion). The situation is again connected with negative sign
of s − f exchange parameter: polarization of conduction
electrons is antiparallel to the moment of f -electrons, and
occurrence of magnetization results in a redistribution of
electron density.
Note that the picture of half-metallic magnetism is in-
timately related to hybridization character of the spec-
trum, as well as in intermetallic d-systems [18].
4 Weak Kondo ferromagnetism
Now we consider the ferromagnetic solution with small
magnetization S¯ < (1 − n)/2 where the condition Wσ >
V 2σ /(D − µ) holds for both σ and the Fermi level lies in
the lower hybridization subband (below the energy gap),
as well as in the non-magnetic case.
We have
J0S¯
W
=
W↓ −W↑
W↑ +W↓
(10)
Taking into account renormalization of hybridization
in our model (see Appendix), we derive the self-consistent
equation for magnetization
J0S¯
W
= L(S¯, n), (11)
L(S¯, n) = tanh

 1
2ρn
µ(n+1+2S¯)∫
µ(n+1−2S¯)
dE
ρ(E)− ρ
E − µ

 ,
(ρ = ρ(µ)) and the expression for the renormalized Kondo
temperature (f -level energy)
W = W0P (S¯, n), (12)
P (S¯, n) =
1
2
∑
σ
exp

1
ρ
µ(n+1+2σS¯)∫
µ(n+1)
ρ(E)− ρ
E − µ
dE


The non-saturated solution is smoothly joined with the
HMF solution of previous Section at
n+ 1− 2S¯ = 2n, n+ 1 + 2S¯ = 2
In terms of the quantity W0,
W0 ≃ V
2
0 /δn, δn = µn+1 − µn, µn = µ(n),
(which is more convenient for constructing phase diagram)
we have the equation
jS¯ = P (S¯, n)L(S¯, n), j = J0/W0. (13)
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Solutions with S¯ 6= 0 may occur if both the left and
right-hand side of (11) are of order unity, i.e. J0 ∼ W0.
However, in fact the conditions are rather restrictive (note
that the situation is somewhat similar to Hubbard-I ap-
proximation where strong dependence of magnetism crite-
rion on on bare DOS occurs [19]). In particular, the equa-
tion (11) has no non-trivial solutions for ρ(E) = const: the
magnetization can occur only due to energy dependence
of ρ.
A necessary (but not sufficient) condition for existence
of ferromagnetism with small S¯ is
kn =
dL(S¯, n)
dS¯
∣∣∣∣
S¯=0
=
1
ρn+1ρn
ρn+1 − ρn
µn+1 − µn
> 0 (14)
where ρn = ρ(µn), µ
′
n = 1/(2ρn). Therefore, as compared
to half-metallic ferromagnetism which is governed by the
global behavior of ρ(E), the small S¯ ferromagnetism crite-
rion is determined by ρ(E ≃ µn+1).The situation for exis-
tence of small S¯ solutions is more satisfactory at larger n
(e.g., near half-filling) and in the presence of high narrow
peaks (at the same time, such peaks influence weakly the
conditions (7)).
W
E
NHEL
Fig. 3. The partial spin-up (upper half) and spin-down (lower
half) densities of states in the case of semielliptic bare band.
The vertical line is the chemical potential for the non-saturated
solution
The equation for the ferromagnetic phase at S¯ → 0
is k = j, so that the non-saturated solution starts from
j = k. Provided that HMF solution exists for a given
n, S¯ increases with decreasing j up to the point where
S¯ = (1 − n)/2 (µ(n + 1 + 2S¯) = D and the Fermi level
reaches the upper edge of lower hybridization band), j
being finite at this point (the spin splitting 2J0S¯ should
remain finite). Thus this solution exists in a restricted
(both from above and below) and even rather narrow j
interval.
The situation changes if HMF solution does not exist
at given n. Then the non-saturated solution can exist at
arbitrarily small j and even in the unphysical j < 0 re-
gion where S¯ reaches (1−n)/2 with increasing |j|. Such an
unusual behavior (in particular, decrease of the moment
with increasing j) is connected with a peculiar nature of
the non-saturated solution. In this state we have two com-
peting tendencies. The growth of exchange splitting 2J0S¯
with j drives the chemical potential into the energy gap,
but the sharp pseudofermion peak prevents its own cross-
ing and remains above the Fermi level (Fig.3). Thus S¯
should decrease.
In this connection, we can refer to discussion of a sud-
den jump of the Fermi surface and of an extra Kondo de-
struction energy scale for various phases in Kondo lattices
[20].
The illustrations based on numerical solution are given
in the next Section. To consider qualitatively the solutions
with small moments we can perform the expansion in S¯,
Ln(S¯) = knS¯ − anS¯
3 + ... (15)
an = [ρ
′′
n+1/δn − ρ
′
n+1/δ
2
n (16)
+2(ρn+1 − ρn)/δ
3
n]/(12ρn+1) + bn/2
where the S¯-cubic contributions which come from the ex-
pansion of the chemical potential are similar to those in
the usual Stoner theory,
µ(n+ 1 + 2S¯)− µ(n+ 1− 2S¯) (17)
= 2S¯/ρn+1 + bnS¯
3 + ...
bn = (3ρ
′2
n+1/ρ
5
n+1 − ρ
′′
n+1/ρ
4
n+1)/3
Taking into account the renormalization of W,
P (S¯, n) = 1− cnS¯
2, (18)
cn = [(ρn+1 − ρn)/δn
+ρ′n+1(1− 2ρn/ρn+1)]/(2δρρ
2
n+1), (19)
we can estimate the magnetic moment as
S¯ =
√
(kn − j)/(an + cnkn + k3n/3) (20)
Thus it is favorable for the small-moment ferromag-
netism that ρ′′n+1 < 0 and the derivatives are large in ab-
solute value. For example, this takes place when there is a
narrow peak in bare DOS at (or somewhat higher) µn+1,
so that magnetic ordering shifts the peak from the Fermi
level. Under these conditions, magnetic ordering can occur
near electron concentrations n corresponding to the peak
position E1, i.e. µn+1 ≃ E1.
To demonstrate this, we consider in the next Section
also the model bare density of states where, besides the
symmetric smooth part ρ0(E), the bare DOS has near
µn+1 a narrow Lorentz peak with the width Γ,
ρ(E) = ρ0(E) +
hΓ
(E − E1)2 + Γ 2
(21)
One can see from Fig.4 that the Lorentz peak is consid-
erably enhanced and narrowed by hybridization effects.
Such an electronic structure is favorable for ferromag-
netism since a part of the spin up peak is below the Fermi
level which is in a local minimum.
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W
E
NHEL
Fig. 4. The partial spin-up (upper half) and spin-down (lower
half) densities of states for the semielliptic bare band with the
Lorentz peak. The vertical line is the chemical potentia
5 Numerical calculation results
In the mean-field approximation, the total energy of the
magnetic state is always lower than that of non-magnetic
Kondo state,
E − Enon-mag = −J0S
2
(22)
(see Appendix). Thus the formation of the state of a Kondo
ferromagnet is energetically favorable. For the solututions
with small moments the energy gain is smaller than for
the half-metallic state, and the latter dominates provided
that the corresponding solution does exist.
The Kondo ferromagnetic state energy should be also
compared with the energy of the usual (Heisenberg) fer-
romagnetic state with the Kondo effect being suppressed
(W = 0, S¯ = 1/2). The latter state becomes energetically
favorable at rather large
j > jc = 1/(1/4− S
2
). (23)
At the critical point, a first-order magnetic transition should
take place. Since the corresponding j values are large, we
will not show them on the plots below. We also so not dis-
cuss the phase boundaries corresponding to the left-hand
inequality in (7) (for the cases considered below, this in-
equality starts to work and the HFM solution disappears
nearly at the same values, j > 5).
The universal functions L(S¯, n), P (S¯, n), M(n) and
Q(n), determining the magnetic solutions, depend on a
bare density of states only and can be calculated for con-
crete lattices.
For simple lattices with a symmetric bare DOS, the
non-saturated solution can exist only for n < 1/2 (where
ρn+1 < ρn). In particular, for the semielliptic bare band
with
ρ0(E) =
4
piD2
√
D2 − (2E −D)2
at J0 → 0 ferromagnetism disappears for n > 0.5, and
saturated ferromagnetic solution occurs for n < 0.42. One
can see from Fig.5 that for a given n the value of j depends
very weakly on the moment and changes in a rather nar-
row interval. This interval reaches zero for 0.5 > n > 0.42
0.2 0.4
0.1
0.2
0.3
0.4
Fig. 5. The magnetization plots for the semielliptic bare band
according to Eq.(13) for n = 0.3, 0.35, 0.4, 0.45 (from above to
below)
where only the non-saturated solution exists at j → 0.
At the same time, the HFM solution at n > 0.42 can be
restored by rather small j (Fig.6).
0.3
0.4
0.5
0
0.2
0.4
0
0.5
Fig. 6. (color online) The surface plot of the non-saturated
solution for the semielliptic bare band according to Eq.(13)
(the left-hand sheet). The HFM solution exists above the right-
hand sheet corresponding to the right-hand inequality Eq.(7)
For the square lattice in the nearest-neighbor approxi-
mation (where bare DOS has a logarithmic singularity at
the band centre) the HMF solution exists at n < 0.52.
The non-saturated solution still exists at n < 0.5, i.e. in-
side the stability region of the HMF state (note that the
singularity with ρ′′n+1 > 0 does not favor small moment
ferromagnetism). Thus the HMF state is always more fa-
vorable, unlike the semielliptic band case.
It is instructive to trace the influence of DOS singular-
ity movement on the phase diagram in the case of square
lattice with account of nearest and next-nearest transfer
integrals, t and t′. Fig.7 demonstrates that the ferromag-
netic region grows for t′ > 0 (the singularity is shifted to
the band top) and diminishes for t′ < 0 (the singularity is
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0
0.5
1
0.3
0
-0.3
0
0.5
1
Fig. 7. (color online) The S¯ → 0 boundary of the non-
saturated solution for the square lattice (the left-hand sheet)
and the boundary of the HFM solution (this exists left of the
right-hand sheet)
shifted to the band bottom). However, the region of the
non-saturated solution never goes beyond the region of the
the HMF state.
Fig. 8. (color online) The surface plot of the non-saturated
solution for the simple cubic lattice in the nearest-neighbor
approximation (the left-hand sheet). The HFM solution exists
left of the right-hand sheet
For the simple cubic lattice (a more weak) Van Hove
singularity in bare DOS (see Fig.1) favours existence of
saturated HFM solution, and the corresponding critical
concentration at j = 0 increases up to 0.5 (Fig.8). Thus
the non-saturated state is again not energetically favor-
able.
The non-saturated solution for the bare DOS with
a peak (21) is shown in Fig.9. One can see that small-
moment magnetism occurs in a rather wide region near
Fig. 9. (color online) The surface plot of the non-saturated
solution for the semielliptic band with the Lorentz peak (21)
with Γ = 0.01D, E1 = 0.8D, h = 0.01
the n values where µn+1 = E1. Note that the HMF state
does not exist in this concentration region, at least at small
j. This case is most interesting from the point of view of
analyzing experimental data on the ferromagnetic Kondo
systems (see Introduction).
6 Conclusions
We have demonstrated that the pseudofermion ferromag-
netism in the Kondo lattices is a complicated phenomenon
which has features of both itinerant electron and localzed
moment magnets. Under certain conditions, magnetic in-
stability can occur at very small J (even in comparison
with TK), which is characteristic for the Heisenberg sys-
tems. On the other hand, magnetic ordering is highly sen-
sitive to electronic structure, as well as for itinerant sys-
tems. We have presented a rather simple description in
terms of the the ratio j ∼ J0/TK and universal functions
that do not include the s − f exchange parameter I (or
effective hybridization), but depend only on bare electron
DOS ρ(E).
The Kondo ferromagnetism has a number of peculiar-
ities in comparison with the Stoner picture for usual itin-
erant systems. In particular, the dependence of ferromag-
netism criterion on the bare density of states turns out
to be different and more complicated. The reason is that
σ-dependence of the effective hybridization plays a crucial
role for this criterion.
Owing to hybridization character of spectrum and com-
bined (electron-pseudofermion) origin of the Fermi surface
in the Kondo state, ferromagnetism is determined mainly
by ρ(µn+1) rather than by ρ(µn).
The hybridization form of the electron spectrum (pres-
ence of DOS peaks) in Kondo lattices is confirmed by
numerous experimental investigations: direct optical data
[21], observations of large electron masses in de Haas-
van Alphen effect measurements etc. Sometimes, interme-
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diate valence (IV) and Kondo regime cannot be clearly
distinguished in magnetism formation since f -states play
anyway an important role in the electron structure near
the Fermi level. The presence of “real” hybridization be-
tween s, d and f -states in IV systems can induce bare DOS
peak which, in turn, will influence pseudofermion ferro-
magnetism. A possible example is ferromagnetic CeRh3B2
with high Curie temperature and small saturation mo-
ment. However, neutron scattering analysis for CeRh3B2
revealed no magnetization on the rhodium and boron sites,
so that ferromagnetism originates from the ordering of Ce
local moments (and not, as has been claimed earlier, from
itinerant magnetism in the Rh 4d band) [22].
An unsolved problem is investigation of fluctuation ef-
fects beyond the mean-field approximation. In particular,
they may destabilize ferromagnetism at small j. Simple
spin-wave corrections discussed in Ref.[15] yield only for-
mally small contributions to the ground state magneti-
zation of order of j ln j (which are absent in the HMF
state). A more consistent consideration of fluctuations can
be performed by using the slave-boson approach and the
1/N expansion within the periodic Anderson or Coqblin-
Schrieffer model [23]. An interesting question is the role
of fluctuation effects at finite temperatures, which should
be even more important than in the ground state (as well
as in usual itinerant magnets [24]).
The author is grateful to Prof. M.I. Katsnelson for co-
operation and stimulating discussions. This work is sup-
ported in part by the Programs of fundamental research
of the Ural Branch of RAS ”Quantum macrophysics and
nonlinear dynamics”, project No. 12-T-2-1001 and of RAS
Presidium ”Quantum mesoscopic and disordered struc-
tures”, project No. 12-P-2-1041.
Appendix. Mean-field approximation in the pseud-
ofermion representation
Making the saddle-point approximation for the path inte-
gral describing the spin-fermion interacting system [14] we
reduce the Hamiltonian of the s− f model to the effective
hybridization model (4). After the minimization for this
Hamiltonian we obtain the equations for W , the chemical
potential µ and magnetization S¯
nfσ ≡
∑
k
〈f †kσfkσ〉 =
1
2
+ σS¯; (24)
n =
∑
k
〈c†kσckσ〉. (25)
The quantity −W plays the role of the chemical poten-
tial for pseudofermions, and the numbers of electrons and
pseudofermions are conserved separately. However, there
exists an unified Fermi surface, its volume being deter-
mined by the summary number of conduction electrons
and pseudofermions.
After the minimization one obtains the equation for
the effective hybridization Vσ
Vσ = 2I
∑
k
〈f †kσckσ〉. (26)
Diagonalizing the Hamiltonian (4) by a canonical trans-
formation
c†kσ = cos (θkσ/2)α
†
kσ − sin (θkσ/2)β
†
kσ,
f †kσ = cos (θkσ/2)β
†
kσ + sin (θkσ/2)α
†
kσ, (27)
with
sin θkσ =
2Vσ
Ekσ
, cos θkσ =
tk − µ−Wσ
Ekσ
, (28)
Ekσ = [(tk − µ−Wσ)
2 + 4V 2σ ]
1/2
we obtain the energy spectrum of a hybridization form
Eα,βkσ =
1
2
(tk − µ+Wσ ± Ekσ). (29)
Then the equations (24)-(26) take the form
nfσ =
1
2
∑
k
[
(1− cosΘkσ)n
α
kσ + (1 + cosΘkσ)n
β
kσ
]
,
(30)
n =
1
2
∑
kσ
[
(1 + cosΘkσ)n
α
kσ + (1− cosΘkσ)n
β
kσ
]
, (31)
1 = −2I
∑
k
(nβkσ − n
α
kσ)/Ekσ. (32)
At small |Vσ|, |Wσ| and T = 0 we have
cosΘkσ ≃ sign(tk − µ−Wσ), (33)
so that the equations (30), (31) are further simplified.
The edges of the hybridization gaps in spin subbands
are given by
Eαkσ > Wσ + V
2
σ /µ, E
β
kσ < Wσ − V
2
σ /(W − µ). (34)
Defining the function µ(n) by
n = 2
µ(n)∫
0
ρ(E) dE, (35)
the equation (31) takes the form µ(n) = µ, and eqs. (30)
and (32) yield at Wσ > V
2
σ /(D − µ)
λσ ≡ V
2
σ /Wσ = µ(n+ 2n
f
σ)− µ(n), (36)
1 = −2I
µ+λσ∫
0
ρ(E)
[(E − µ−Wσ)2 + 4V 2σ ]
1/2
dE. (37)
In the leading approximation Vσ does not depend on
σ and we have
|Vσ| ∼ (DTK)
1/2, TK = D exp
1
2Iρ(µ)
. (38)
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W ≃ V 2/[µ(n+ 1)− µ] ∼ TK. (39)
For ρ(E) = const the calculations can be performed more
accurately to obtain
|Vσ |
2 = µTK/2, W0 = µ exp
1
2Iρ
=
nD
2
exp
1
2Iρ
.
(40)
To take into account spin polarization one has to calculate
the integral in (37) to next-order terms in 1/ ln |W/Vσ|
[15]. One gets at neglecting Wσ
(
Vσ
V0
)2
= exp

1
ρ
µ(n+2nfσ)∫
µ(n+1)
ρ(E)
E − µ
dE

 . (41)
Using (36) and (41) we obtain
Wσ
W0
= exp

1
ρ
µ(n+2nfσ)∫
µ(n+1)
ρ(E)− ρ(µ)
E − µ
dE

 (42)
which yields the self-consistent equation for magnetization
(11).
In the same way, for the half-metallic state (6) with
S¯ = (1 − n)/2 we get
1 = −2I
D∫
0
ρ(E)
[(E − µ)2 + 4V 2↑ ]
1/2
dE
= −2I
µ(2n)∫
0
ρ(E)
[(E − µ)2 + 4V 2↓ ]
1/2
dE, (43)
λ↓ = µ(2n)− µ(n). (44)
The ground state energy of the Kondo state is given
by
E = Ω(µ(n)) + J0S
2
+ µn−W (45)
where the second term is introduced to compensate the
“double-counted” terms, Ω(µ(n)) = 〈H − µnˆ〉. In our ap-
proximation of small V 2σ /D we derive
E−Enon-mag = J0S
2
+
∑
σ
nfσ(Wσ−W0)−W+W0 = −J0S
2
(46)
(the dependence of effective hybridization V on σ does
not influence the magnetic energy since the non-universal
hybridization does not enter E [15]).
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